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ABSENSE OF PHYSICAL CORRESPONDENCE AND REVERSIBILITY
BETWEEN PRESSURE GRADIENT AND GRADIENT FREE LAMINAR
COMPRESSIBLE BOUNDARY LAYER FLOWS

This paper examines the physical validity of existing theories regarding the laminar
boundary layer of a compressible fluid. It is shown that while the equations describing
fluid motion in classical studies (by Blasius and Kdrman) correspond to the problem
of a body moving through a fluid that is still at infinity, the boundary conditions
employed actually correspond to the inverse problem of a fluid flowing around an
immobile body (such as flow in a wind tunnel). Thus, there is a physical discrepancy
between the theories and actual flows (problems). It is shown that a complete
reversibility of the problems is impossible, as the results of one flow cannot be used to
describe another due to the differing nature (dynamics) and kinematics of these flows.
The physical formulations of the direct problem (motion of a body in a fluid) and the
inverse problem (fluid flow around an immobile body), along with their numerical
solutions, are presented. For the inverse problem, the velocity field is compared with
known results (von Karman’s), while for the direct problem, it is compared with other
studies. Overall, the qualitative results for both problems are similar to those used for
comparison.

Keywords: boundary layer, laminar compressible flow, pressure gradient and gradient
free flows, external flow, Navier-Stokes equations.

Introduction. The theory of the boundary layer—formed as a result of fluid friction
against a solid surface—is of critical importance for aircraft, helicopters, and rockets.
While the theory of incompressible boundary-layer flow [1] can be used as an
approximation for small aircraft or unmanned aerial vehicles (UAVS) moving at speeds
up to 100 m/s (a Mach number of approximately 0.3), it becomes necessary to account
for the compressibility of the fluid (air) [2] in the case of aircraft and other flying
vehicles with surface speeds reaching several hundred meters per second. At higher
speeds (supersonic and hypersonic flow), fluid thermal conductivity and heat and mass
transfer effects can no longer be neglected.

Analysis of recent research and publications. Previous studies [1, 2, 3, 4] have
shown that, for incompressible laminar flow in the boundary layer, molecular viscosity
cannot be assumed constant; otherwise, the theory (the linear solution to the Navier-
Stokes equations) fails to match experimental data (which exhibit an exponential
dependence). A detailed explanation of this fact is provided in [1]. However, even
authoritative sources (see Schlichting’s monograph [5], end of Section 67) note that to
date, no one—including Stokes himself [6]—has fully proven the constancy of
molecular viscosity throughout the entire domain of incompressible flow.

Unlike the studies just mentioned, the present work focuses on compressible
laminar flow (Mach number 0.5-5) within the boundary layer. In this case, molecular
viscosity is inherently variable. Nevertheless, a thorough review of existing literature
reveals that authors consistently assume the equivalence of two problems: the motion
of a body through a fluid that is still at infinity (e.g., the flight of an airplane, helicopter,
or rocket) and the flow of a fluid past an immobile body (e.g., wind tunnel experiments)
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[5, 7, 8]. For instance, in his work [7], von Karman does not consider a pressure gradient
in the equation of motion (or momentum conservation)—which corresponds to the
direct problem of a body in motion; instead, the figures show that the flow around an
immobile half-plane is actually being considered. This is evidenced by Fig. 5 in the cited
work, where the velocity at the plate surface is zero. Thus, there is a common error in
interpreting the flow physics: the assumption that the equation of motion for a body in
a fluid (where no pressure gradient exists) can be applied to the problem of fluid flow
over an immobile plane. Blasius's theory [9] serves as confirmation of the widespread
nature of this error. Furthermore, O’Donnell [10] presents results from laboratory
experiments (Figs. 5-9) that clearly indicate a case of fluid flowing around an immaobile
body (where the velocity at the body's surface is zero). This inconsistency is
encountered even in recent studies. For instance, when investigating the boundary layer
in flow past a flat plate, the authors of [11] present an equation (see 2.1 in [11]) that
omits the longitudinal pressure gradient, even though the boundary conditions (see 2.3—
2.4 in [11]) clearly indicate that the plate is immobile. The authors most likely aimed to
obtain results that would correlate in some way with the work of Howarth [12]. However,
in modern studies—such as those by Nobutaka Taniguchi et al. [13]—the longitudinal
pressure gradient is already included in the momentum conservation equation.

Among the theoretical studies specifically addressing the problem of body motion
subject to boundary conditions—and the generation of a laminar compressible boundary
layer by that motion—one can cite the paper by Ackroyd (see equations 2—4 [14]).
However, that work focuses on a slightly different problem. Furthermore, it does not
present explicit velocity plots. The paper by Takhar et al. [15] is also of interest. Its
value and importance lie in the fact that, firstly, it considers the direct problem of body
motion and, secondly, it presents the same two dimensionless quantities as the present
study: longitudinal velocity and temperature. Thus, despite the use of self-similar
variables in [15], itis possible to compare the results to some extent. However, one must
pay attention to the parameter representing the ratio of the wall temperature to the
temperature at infinity, as presented in the aforementioned study.

The fundamental discrepancy lies in the absence of a force that would set the fluid
in motion. Recognizing that the boundary layer on a moving body is gradient-free
( dp/dx=0), researchers invariably assume the longitudinal gradient to be zero in

their work. They then proceed on the implicit assumption that the problem is
reversible—treating the flow past an immobile body instead of the body's motion
through a fluid that is still at infinity. The fact is such a flow cannot physically occur,
as there is no driving force dp/dx <0 . Furthermore, the energy balance equation for a

gradient flow must include a convective term arising from the total time derivative of
pressure. Thus, it should be noted that for a compressible, heat-conducting flow, the
distinction between gradient and gradient-free flows manifests in two terms of differing
physical nature. Most importantly, results obtained from the gradient-free model are
compared with experimental measurements from wind tunnels, where the flow is
generated specifically by a longitudinal pressure gradient [16, 17, 18].

Calculations are also frequently simplified in studies—such as [19]—to facilitate
their subsequent implementation in production. Specifically, the study [20] assumed
that longitudinal thermal conductivity is negligible and that viscosity is a function solely
of temperature. Meanwhile, the study [21] does not present the temperature dependence
of viscosity for laminar flow and contains an incorrect comparison of theoretical data
with experimental results. Furthermore, theoretical studies in this area face scalability
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issues, as seen in [22]. Works [23] and [24] serve as important foundations for the
present study; these works correctly applied boundary conditions. However, studies [24]
and [25] address a more complex problem—namely, unsteady flow.

Problem statement. To obtain both analytical and numerical solutions describing
laminar compressible heat-conducting fluid flow in the boundary layer for two problems:
the motion of a body (direct problem) and the flow of fluid past an immobile body
(reverse problem).

The aim of the study is to demonstrate, through a comparison of solutions, that no
reversibility exists between the aforementioned problems and—crucially—that it is
impossible to consider a problem in which the equations correspond to the motion of a
body while the boundary conditions correspond to the flow around an immobile body.
Such a problem is simply unphysical, as it does not correspond to any possible fluid
flow.

Boundary layer on an immobile plane. According to the general system of
equations, for a one-dimensional flow (where all derivatives except the longitudinal
pressure gradient are identically zero) described by a single velocity component, we

have:
_ 1 dp’  d ,du’ 1
0_ kMa2 dX/+dyr[/u dy!jl ( )
2
k 1 ,dp’ 2 du’ 1ld dT’ 2
0= Vet [dy’] +ady’[” dy’] ?
;032 *
H=(T') [1,+ ! *J ®
T'+T

The system of equations (1)—(3) comprises the momentum conservation equation
(1), the energy balance equation (2), and the temperature dependence of viscosity (3)
(Sutherland's formula). A distinctive feature of this system is the presence of a
longitudinal pressure gradient, which is not accounted for in boundary-layer theories [7,
9].

If the flow domain is infinite (which is, of course, an approximation), the
longitudinal pressure gradient can be treated as a constant:

dp’
=-1. 4
X’ (4)
Equation (1), taking into account (4) and the boundary condition
du’ _0 ®)

transforms into the following equation:
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Equation (2), taking (6) into account, takes the following form:
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If we now substitute the explicit form for molecular viscosity (3) into equations (6)
and (7), we obtain the following system of equations:

du’ 1 (8)

o )

*
T+T

*
oz(klj[(l—y’)du—u']+l d ,{(T')?’/Z [H-I-*JCITJ (9)
k dy’ o dy T4 | dy’
The system of equations (8)—(9) is closed, as it involves only two unknown
dimensionless functions: a velocity component and the absolute temperature.
To solve the problem, the necessary number of physical boundary conditions must
be added to equations (8)—(9).
The presence of a first derivative in equation (8) allows for the formulation of only

one physical boundary condition for the velocity. Clearly, this is the no-slip (or zero-
slip) condition:

u 0 (10)

y'=0"

The second physical boundary condition for velocity has already been accounted
for in relation (5). Its physical significance lies in the absence of shear stresses, resulting
from the velocity field reaching an asymptotic steady-state value.

For the temperature field—where the value Too is chosen as the scale—we obtain

the dimensionless temperature value at the wall

! =T 11
and the temperature value at the outer edge of the boundary layer

g =1 (12)

Y=YpL

The system of differential equations (8)—(9), subject to boundary conditions (10),

(11), and (12), was solved numerically. The constants K and o were setto 1.4 and 0.7,
respectively; these values are characteristic of air.

The results of the numerical calculations are presented in Figs. 1 and 2.

Figures 1 and 2 show that the dimensionless boundary-layer thickness increases
with increasing velocity. This result is fully consistent with the findings of von Karman
[7], where the boundary-layer thickness also increases significantly with increasing
velocity (Mach number).

Boundary layer on a moving plane. From the first fundamental form of the
dimensionless equations for a steady, laminar, plane boundary layer in a viscous gas at
high speeds, we have:

_d( du) o d o, d(, k=1.,2 2) (1 \d[ dv
O_dy'[’u dy’]’ O_dy'ﬂ dy,(h+ 5 Maé,u )+(G 1]dy’(’u dy'j'
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Fig. 2. Distributions of dimensionless temperature values for Mach numbers 0.5, 1, 2, 3, 4,
and 5.

(13)
Viscosity ,u' is still approximated by Sutherland's formula. From the first equation
of system (13), we have:
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du’ _
H gy = Const=1, (14)

The second equation of system (13) can also be integrated once:
du'(y k=132 02) (1 »dh 15
dy{m > *MaZu ] ( 1][ dy] A, @9

Since h= cPT ..., then in dimensionless form

h'=T". (16)
Let us substitute (16) into (15) and subtract the equal terms. We obtain the
following equation:

(k)M G+ 1(*"%}}% an

Equation (17) can be written in a simpler form if equation (14) is used:

2. du’ 7'-0 dT'_
(ro(k 1)MaZ,u Azj ay Gy =" (18)
The system of equations (3), (14), and (18) allows for obtaining a numerical
solution to the problem for the unknown temperature and velocity functions. Indeed, we
have the following system of equations:
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The system matrix (19) has the following form:
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As an example, a temperature of -53°C at infinity was specified for the calculations.
Then, taking into account Sutherland's constant, equation (20) takes the following
working form:

07(0aMaZu+Ay) (o1

du' -1 ar’_
dy’ (T,)s/z( 1+0.5471 j dy’ (T,)3/2( 1+0.5471 j
T'+0.5471 T'+0.5471

The constant A2 was determined from the boundary condition:
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It is worth noting that at relatively low Mach numbers, a decrease in wall
temperature is observed, whereas at higher values, the opposite occurs. This correlates

with the work of von Karman [7].
14
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Fig. 3. Distributions of dimensionless velocity values for Mach numbers 0.5, 1, 2, 3, 4, and
5.

The question arises: which is correct—assuming the dimensionless thickness of the
domain is 1, or extending it to 2? After all, this leads to vastly different surface
temperature values. The answer to this question can be found in the work of Takhar
[15]—where the boundary layer domain extends to several units of the dimensionless
coordinate—as well as in the work of von Karman [7]. Experimental data [10] also
indicate that the asymptotic value is reached at approximately ten units of the
dimensionless coordinate.

Let us now consider the central question of this study regarding the inverse problem:
is the flow region in the immediate vicinity of a solid wall identical—in terms of wall
friction—for boundary layers with and without a pressure gradient? Asymptotic
analysis has shown that, for small values of the dimensionless (transverse) coordinate,
the velocity field for the body motion problem (a zero-pressure-gradient boundary layer)
is indeed a linear function. Thus, no analogy—or reversibility—is observed: while the
velocity in a gradient boundary layer exhibits a non-linear dependence on the coordinate
as it approaches the asymptotic limit (the outer edge of the boundary layer), a virtually
linear dependence is observed for pressure gradient free flow across all Mach number
values. It is impossible to "map” the velocity field function from the pressure gradient
flow problem to the corresponding pressure gradient free flow problem. This is entirely
logical, given that the problems are described by different systems of equations; each
system contains an additional term accounting for the non-zero flow longitudinal
gradient.
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Fig. 4. Distributions of dimensionless temperature values for Mach numbers 0.5, 1, 2, 3, 4,
and 5.

To answer this question, let us consider the asymptotic behavior of both flows near
a solid wall. To this end, we approximate the temperature field using a Taylor power
series:

r_ T ' !2
T'=Ty +3y'+ayy (22)
The first derivatives of expressions (21) and (22) are as follows:
dT’ N 23
T =g (23)
y y'=0

Since the second derivative of the temperature function appears in equation (2), we
also find an approximation for it:

21
I ~oa, (24)
dy, ‘yr:O
Substitute expressions (23)—(24) into equation (2). We obtain:
0= (k1M (O 1[0 g o (25)
_( ) oot dy’ o\ dy’ al Hedy
Taking (14) into account, equation (25) takes the following form:
2
_(k—1\Ma2 f0 , 1(du / 26
0=(k-1)Mag, ﬂ'+0[dy'a1+”2a2 (26)

Let us multiply (26) by the viscosity and rewrite it in the form:
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8 du? _ 2 2 2
Equation (27) can be presented in a simple form:
dm’ ,
&y B, +B,M (28)
with M’ = 1/
The general solution (28) is as follows:
r_ !2 __i !/
M'=p'% = 5, +C,exp(B,Y') (29)
Or
B, 1/2
| _P1 ’ 30
U= s, +Clexp(82y )] (30)
Substituting (30) into (14), we obtain
du’ ) (31)
dy’ 1/2
(—51+C1 exp(B,Y')
2

The general solution of equation (31) is as follows:
.25, amw[&JQemx&yv—a/&

" BB, B,B,

After meeting the boundary condition for (32) and setting the remaining constants
to unity, we have:

u' =1+ Z(arctg ( /C exp(y’) —1) —arctg ( C, —1)) (33)

For value C, =2 of the single constant in (33), the velocity graph is practically

linear. Thus, within the framework of the problem of a plane moving in a still fluid, it
is impossible to obtain the result found for the problem of an immobile plane in a
flowing fluid.

Conclusions. A driving force is required to generate fluid flow. In nature, such
forces include gravity and associated forces (such as the Archimedes or buoyancy force).
Furthermore, temperature non-uniformity results in pressure gradients, which in turn
generate flows. In the context of aviation, flow within the boundary layer on a plate can
arise in only two ways. The first (the direct problem) is a pressure gradient free layer
formed solely by the friction between a moving body and the fluid. The second approach
(the inverse problem) involves a gradient flow artificially generated in a wind tunnel.
The presence of a longitudinal pressure gradient alters the kinematics of the velocity
field; consequently, distinct velocity field distributions arise in gradient and gradient
free boundary layers. The numerical results obtained have been compared with those
from relevant studies.

These results demonstrate that the principle of flow reversibility (or the reversibility
of motion as a whole) cannot be applied.

Relevant unsteady problems could be considered for future research.

+C, (32)
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II. B.JIVK’AIHOB, €. B. YTIO['OB

BIJICYTHICTb ®I3UYHOI BIAMOBIJTHOCTI TA OBEPHEHOCTI
JAMIHAPHUX CTUCJIMBUX I'PAIEHTHOI TA BE3-TPAJIEHTHOI TEUII
IMPUMEKOBOI'O LIIAPY

B poGoti posrmsHyTo mnHTaHHA (I3WYHOT BIATIOBIAHOCTI ICHYIOUHX TEOpii
MPUMEKOBOTO JIAMiHAPHOTO IMapy CTUCIWBOI Tedii pimmHu. BkazaHo, MmO B KIACHYHIX
poborax (bnaziyca, Kapmana) piBHSHHS, 1[0 ONMUCYIOTH PYX PiAWHY, BIAIOBIAAIOTH IPSAMiit
3amadi pyxy Tina y HepyxXoMiii Ha HECKiHYCHOCTI piguHi, yTiM TpaHWYHI YMOBH, IIO
BUKOPUCTOBYIOTECS, BIATIOBiTaOTh OOepHEHiH 3amadi OOTIKaHHSA PiIWHOI0 HEPYXOMOTO
Tina (Tedis y aepoawHaMiuHiif TpyOi). Takum 4mHOM, HasBHA (pi3MYHA HEBIiAMIOBIIHICTH
Teopid peanbHUM TedisiM. [lokazaHo, MO TOBHAa OOEpPHEHICTH 3a/ad4 € HEMOXKIMBOIO,
OCKIJIbKA HEMOXKHA PE3yJIbTaTH OJHI€T Tedii BUKOPUCTATH IS OMHUCY 1HIIOT Yepe3 pi3Hy
npupoy (AMHaMiKy) 1 KiHeMaTuKy X Tediid. HaBeneHno ¢i3nyHi mocTaHoBKH mpsMoi (pyx
TiNa B pianHi) Ta 00epHeHoi (00TIKaHHs PIIMHOI0 HEPYXOMOTO Tijia) 33134 Ta IX YUCesbHI
po3B’si3ku. s oOepHEHOI 3ahayi MoJie IIBHUIAKOCTI MOPIBHIOETHCS 13  BIIOMHUMH
pesynbratamu (Kapmana), a s mpsmoi 3amavi — i3 iHIIUMH poOoTamu. B minomy B
O0HIBOX 331a4ax SIKICHO PEe3yJbTaTH € CXOKHMH i3 TUMH, IO TIOPIBHIOIOTHCSL.

Kiro4oBi ciioBa: mpuMekoBuii map, JaMiHapHA TEisl, CTHCIIMBA TeUis, Tpali€HTHA
Ta Oe3 TpanieHTHA Tedil, oOTikaHH:, piBHIHHA Hap’e-CTOKCa.
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