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PARAMETRIC EFFECT OF STEADY AND UNSTEADY FRICTION ON THE
ORIGIN AND INITIAL PROPAGATION OF THE SHOCK PULSE

The phenomenon of unsteady flow is widespread in engineering. It is known to
generate a shock pulse (water hammer). The nature of this phenomenon is nonlinear
and depends on several factors: steady friction, unsteady friction, convection of
velocity and pressure fields, bulk viscosity, and the conditions under which the shock
pulse occurs. Using models in modern software requires an accurate understanding
of the physics of the generation and primary propagation of a shock pulse—a
nonlinear process that, under certain conditions, allows for the existence of more than
one fluid flow mode. Therefore, a parametric study of previously obtained analytical
solutions is of practical interest. The results presented in this paper highlight the
importance of parameters corresponding to steady and unsteady friction. While
steady friction affects the size of the shock pulse region (the size decreases with
increasing friction), unsteady friction has a completely different effect. As the
parameter responsible for unsteady friction increases, the possibility of the existence
of two shock pulses—one weaker and one stronger—emerges. In this case, hydraulic
concepts based on the Bernoulli equation prove inapplicable: higher pressure values
correspond to higher shock pulse propagation velocities. This is entirely logical: the
greater the non-stationarity (and the shock pulse propagation velocity), the greater
the pressure surges.

Keywords: unsteady flow, water hammer, steady and unsteady friction against the
pipe wall, parametric effect

Introduction. The phenomenon of water hammer can occur in various fluid media
as unsteady flows (called also as transients) in pipelines made of various materials. For
example, the differences between unsteady flows in viscoelastic and elastic media are
expressed in the consideration of a 2D model, in which elastic behavior is assumed for
the pipe material [1].

In the viscoelastic model, the pressure and velocity profiles decay more rapidly,
indicating the significant influence of viscosity on the shock pulse propagation process
[1]. An important feature is that the velocity profiles obtained by the viscoelastic model
are generally flatter than those obtained by the elastic model. Consequently, viscosity
smooths out the velocity and pressure gradients, making them flatter.

Not only water but also various non-Newtonian fluids flow through industrial
pipelines [2]. Such fluids include liquid construction materials (slurries), sewage,
pastes, and suspensions [2]. These fluids are viscoplastic. A mathematical model of
viscoplastic water hammer is presented in [3].

Currently, humanity is susceptible to a variety of diseases, among which
cardiovascular diseases are the most common. This is especially true for Ukraine, as the
country affected by the Chernobyl nuclear power plant disaster in 1986. Ruptured blood
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vessels lead to sudden death. The cause of ruptured blood vessels is a blood hammer
(blood stroke). Therefore, studying blood hammer from the perspective of a non-
Newtonian fluid (blood is a non-Newtonian fluid) is also an important practical task.
The study [4] is devoted to the non-Newtonian properties of blood on blood hammer.
According to these studies, these properties significantly influence the velocity and
shear stress. Also noteworthy is the study [5], which presents an analytical model of
blood hammer.

Of interest from the perspective of the diversity of hydraulic pulse is the paper [6],
which examines water hammer in a polymer pipe based on a two-dimensional (2-D
Kelvin - Vogt) model. Since modern pipes are primarily made of polymers, the research
[6] is important.

During a water hammer, not only does pressure increase, but it also drops sharply,
to near-zero value. Under these conditions, hydrodynamic cavitation occurs, and the
liquid, after undergoing such a water hammer, contains gas bubbles and is now a two-
phase medium. A detailed review of this phenomenon can be found in the paper [7]. A
review of various water hammer models is provided in the work [8].

After conducting a rather diverse review of the shock pulse propagation process in
various fluid media and structural materials, the impact of this diversity becomes clear.
Let's move on to a more specific class of hydraulic water hammer problems in
Newtonian fluids, namely, the parametric effect of steady and unsteady friction, taking
into account the convection of velocity and pressure fields, on the origin and
propagation of shock pulse.

Problem state. Historically, the phenomenon of water hammer was first studied
for water flow in irrigation systems [9] and much later in the construction of multi-story
buildings [10]. Since in these cases the length of the pipeline is quite large (many tens
and hundreds of meters), the convective components of the velocity and pressure fields
can be ignored. In these cases, the linear theory of water hammer was used. The rapid
development of industry in the 20th century led to a revision of the existing theory of
this phenomenon. Thus, the phenomenon of water hammer has also been observed in
very short flexible pipes in aviation hydraulic sysytems, the working pressure in which
is very high - 200 atm. In this case, pressure surges reach 75% of the working pressure
[11]. In other words, in various technologies, nonlinear effects should be taken into
account, that is, the convection of velocity and pressure fields [12,13,14]. In the work
[15], the theory of water hammer was further developed.

Since the phenomenon of water hammer is classified as a unsteady flow, it became
necessary to develop models that account for the unsteady friction of fluid against the
pipeline walls. Thus, in addition to the existing Weisbach -Darcy model of steady
friction [16-17], new models for describing unsteady friction were elaborated. They are
presented in the works of Brunone [18,19] and Vitkovsky [20,21], as well as in Pezzinga
[22].

At the end of the last century, automated design and calculation systems for various
physical processes have been developed, primarily for problems in fluid and gas
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mechanics. These systems allow for the numerical solution of complex fluid flow
problems, including water hammer, at the engineering level. The accuracy of fluid flow
calculations, which are described by a nonlinear model, largely depends on a correct
(precise) description of the shock pulse formation phenomenon — its origin and initial
propagation. The studies of this phenomenon are devoted to [12, 13, 14]. A more
generalized model of water hammer is presented in [15]. The process is described by
equations
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General and particular solutions of the system (1)-(2) are obtained in the work [15].
Self-similar dimensionless form for (1)-(2), necessary for further consideration, is
expressed by the following two equations (see details in [15]):
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In (3) DW and Br are Darcy-Weisbach and Brounone numbers respectively (see their
definition in [14,15]).

If we take into account only unsteady friction, without taking into account pressure
convection, then the general self-similar solution (3)-(4) has the form [15]:
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If, on the contrary, we do not take into account non-stationary friction, but only the
convection of the velocity and pressure fields, then we obtain the following solution
[15]:

i 1o -
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In solution (4), the plus and minus signs correspond to the forward and backward shock
pulses.

Finally, if we take into account both unsteady friction and pressure field
convection, we obtain the following self-similar solution [15]:
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In [15] single dependencies were obtained using formulas (5)—(7). Therefore, there
is no study of the parametric dependence of the shock pulse formation process.

Problem formulation. Conduct research into the parametric effect of steady and
unsteady friction on the origin and initial propagation (i.e. formation) of a shock pulse.

The purpose of the work. Obtain graphical dependencies of the shape of the shock
pulse on the values of the parameters corresponding to different types of friction and
analyze these dependencies.

Explicit dependencies for self-similar solutions corresponding to forward and
backward shock pulses. First, let's note the qualitative difference in the physics of
forward and backward shock pulses. From equation (3), it follows that the backward
shock pulse, for which the velocity derivative of the self-similar coordinate is negative,
is not affected by unsteady friction: the expression in square brackets, preceded by the
Brunone number, vanishes. Therefore, solutions (5) and (7) essentially correspond to
forward shock pulses. The backward shock impulse does not contain the number Br.

To obtain explicit relationships from general solutions (5)-(7), one physical
condition should be used. This is the condition of maximum velocity at the crest of the
shock pulse, that is, at 7 =0

V(7 =0) =V - (8)

If we apply condition (8) to solutions (5) -- (7), we obtain the following explicit

expressions:
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Formulas (9)-(11) will be used to obtain graphical dependencies for viscosity effect
study.

Parametric effect of non-steady and steady friction on the origin and initial
propagation of a shock pulse. The effect of steady friction of a liquid against the pipe
walls (the Darcy-Weisbach effect) is shown in Fig. 1. It is evident that, in dimensionless
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self-similar quantities, the Darcy-Weisbach friction significantly influences the area of
the shock pulse region in the liquid. Moreover, it is entirely natural for this region to
decrease in size with increasing friction on the pipeline walls. In other words, for large

values of the DW parameter corresponds to a narrower area of passage of the shock
pulse.
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Fig. 1. The effect of the parameter (steady friction) DW on the shape of the shock pulse: a)
is the pressure profile for Darcy-Weisbach numbers of 10,1,0.1 (curves from left to right); b) is
the velocity profile for Darcy-Weisbach numbers of 10,1,0.1 (curves from left to right).

Unlike steady friction, the effect of unsteady friction, that is, the parameter Br, is
practically insignificant for small values. Therefore, the curves corresponding to the
Brunone numbers 0.01, 0.03, 0.1 practically overlap each other. And this does not
depend on the choice of the form of representation. Thus, whether in the semi-
logarithmic coordinate system for pressure (see Fig. 2a), or in the conventional
coordinate system for velocity (see Fig. 2b), the closeness of the calculation results is
still obvious. But there is a common property of Figures 1-2. It consists in the fact that
the values of the self-similar coordinate equal to zero are practically never achieved.
What is the reason for this behavior of the solutions? The fact is that the system of
equations (1)-(2) and (3)-(4) is nonlinear. Therefore, a nonlinear differential equation is
obtained for the velocity, the solutions of which (9)-(11) do not yield values for the

dimensionless self-similar coordinate equal to 0. From a physical point of view, this
indicates the limitations of the model in the sense that no solution exists near the zero
value of the self-similar coordinate. This absence may be due to the fact that bulk
viscosity, which reveals itself quantitatively for small values of the self-similar
coordinate, is not taken into account. The term with bulk viscosity transforms the
differential equation into a singular one — with a small parameter at the highest (second)
derivative. Therefore, to find a physically complete solution in the region of small
values of the self-similar coordinate, it is necessary to separately consider the shock
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boundary layer — a thin region where bulk viscosity plays a significant role. However,
this problem is not considered in this paper.
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Fig. 2. The effect of the parameter (unsteady friction) Br on the shape of the shock pulse:
a)—pressure profile fort Br = 0.01, 0.03, 0.1; b)—velocity profile for Br = 0.01, 0.03, 0.1.

The effect of unsteady friction on the structure of the shock pulse begins to have a
significant impact as the Bruno number increases, approaching 1. Thus, for a Bruno
number of 1 (and a Darcy-Weisbhach number of 1), the shock pulse region occupies only
a few units of the dimensionless self-similar coordinate (see Fig. 3). And this is not the
most important factor, as it is that at virtually every point in this region, two solutions
are now possible—a weak solution and a stronger solution, in the sense of increased
pressure (see Fig. 3a). The propagation velocities of the shock pulse can also have two
different values. In this case, our concept, based on Bernoulli's law of decreasing
pressure with increasing velocity, does not hold: lower values of the shock pulse
propagation velocity correspond to lower pressure values. Although, from a common
sense perspective, this is logical, since the weaker the flow unsteadiness, expressed by
the propagation velocity of the shock pulse, the weaker the pulse itself and,
consequently, the excess pressure within it. Another feature of the flow under
consideration is the minimum value for the velocity and pressure functions in the shock
pulse, since values of the self-similar variable that are less than zero do not correspond
to the model.

Based on what has just been said, a reasonable question arises: what is the
minimum boundary value of the Brunone number at which the simultaneous existence
of two shock pulses is possible? The answer to this question is presented in Figure 4.
As it turns out, this value, accurate to three decimal places, is approximately Br =~ 0.525
. It is for these values of the parameter Br responsible for dimensionless friction that
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both the velocity and pressure curves begin to bend. Further, somewhere up to values
Br ~ 0.6, the possibility of the existence of two types of shock pulses—a weaker and a
stronger one—is observed for virtually all values of the dimensionless self-similar
variabler , right down to zero. As the Brunone number increases, the velocity and
pressure curves cross the zero abscissa, thereby indicating the existence of minimum
values of the shock pulse propagation velocity and the pressure within it—for a weak

shock pulse.
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Fig. 3. Pressure and velocity in a shock pulse under strong unsteady friction. The graph
lines correspond to Br = 1.

Conclusions. The theory of water hammer in conventional, i.e. Newtonian fluids,
at the level of the hydraulic, i.e. one-dimensional, representation of the flow, operates
with such concepts as steady (Darcy- Weisbach) friction of the fluid against the pipeline
wall and unsteady (Brunone-Vitkovsky) friction of the same fluid against the pipeline
wall. The presented studies of the parametric effect on the origin and initial propagation
of the shock pulse indicate the physical diversity of the phenomenon. Thus, if the
parameter DW of steady friction significantly influences the process over the entire
range of its variation, then the parameter Br of unsteady friction reveal itself at values
comparable to unity. From a quantitative point of view, an increase in the role of steady
friction is reduced to a narrowing of the shock pulse region and vice versa. Moreover,
the distribution of velocity and pressure are not determined for all values of the
dimensionless coordinate — near zero they are undefined. And this can be explained by
the fact that volume friction is not taken into account in the model (see [23]). The effect
of unsteady friction is somewhat different. For values of the corresponding
dimensionless number significantly less than unity (0.1 and less), the velocity and
pressure curves practically overlap. Only at values comparable to unity does a
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sufficiently rapid quantitative and qualitative change in the shape of the shock pulse
occur. This makes it possible for two shock pulses to exist simultaneously—a weaker
one and a stronger one.
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Fig. 4. Profiles of dimensionless pressure a) and velocity b) for Bruno numbers Br = 0.52,
0.525, 0.6, 0.66, 0.75. The curves follow from right to left according to the listed Bruno numbers.
The parameter DW (Darcy-Weisbach number) is always equal to 1.

As future research, the effect of bulk viscosity on the structure of shock pulse origin
and primary propagation may be under the study.
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I1.B. IVK’AHOB

IMAPAMETPUYHHMHI BIIJIUB CTAIIIOHAPHOI'O TA HECTAIIIOHAPHOI'O
TEPTA HA 3APO/JUKEHHSI TA IIEPBUHHE IIOIIUPEHHA YJIAPHOI'O
IMIIYJIBCY

SBuIme HeCTaliOHAPHOTO Tedii MOMHpPEeHe Yy TeXHimi. SIK BiZOMO, BOHO HPU3BOAUTH IO
¢dopmyBaHHS ymapHOTo immynbcy (ymapHoi xBmui). [Ipupona mporo sBHIIa € HENIHIHHOO i
3aJICKUTh BiI KUTBKOX (DaKTOPIB: CTALlIOHAPHOTO TEPTS, HECTALIOHAPHOTO TEPTs, KOHBEKIil
TOJTIB IIBUJIKOCTI Ta THCKY, 00'€MHOI B'S3KOCTI, @ TAKOXK YMOB BUHUKHEHHSI YJIAPHOTO IMITyJIbCY.
Aute, sik 01 TaM He OyJ10, 17151 BUKOPUCTAaHHSI MOJIENIEH y CydacHOMY IPOTrpaMHOMY 3a0e3IedeHHi
HEOOXITHO SIK HAWTOYHIIIE MPEACTAaBIATH (HI3UKY 3apOJKEHHsS Ta HEPBHHHOTO IOIIUPEHHS
YIAPHOTO IMITYJILCY — HEJIHIHOTO MPOLIECy, IO JA03BOJISE, 32 MIEBHUX YMOB, ICHYBaHHS OiIbIIl
onHi€ei Moy Tedil piguHu. ToMy napaMeTpuyuHe A0CHiUKEHHS OTPUMAHUX paHillle aHaTITHYHUX
PO3B’S3KiB CTAaHOBHUTH MpakTHYHMIA iHTepec. [lomaHi B maHiit poOOTi pe3yinbTaTH BKa3yIOTh Ha
BaXXJIUBICTH MTApaMeTPiB, IO BiANOBIJAIOTH CTAIliIOHAPHOMY Ta HECTAIllOHAPHOMY TepTIO. SIKIIO
CTaImioHapHe TePTs BIUIMBAE HAa pOo3MipH 00JacTi yIapHOTO IMIYIbCY (PO3Mip 3MEHIIYEThCS 31
30UTBIIICHHSM TEpTsA), TO HECTaIllOHApHE TepTs BIUIMBAE 30BciM iHakmie. [lpu 3pocraHHI
rapaMeTpa, IO BiJNOBiNae 3a HECTAI[lOHAPHE TEPTS, BUHHKAE MOXKIIMBICTH iICHYBAaHHS IBOX
yIapHHUX IMITYJIbCIB — CJIa0LIOro Ta CHibHIIOro. I1py koMY ripaBiivHi ySBICHH, 3aCHOBaHI
Ha piBHAHHI bepHyuli, BHSBISIOTHCS HENPUJIATHUMHU: CHIBHINIMM 3HAYEHHSIM THCKY
BIJINIOBIJJAIOTh BHIII 3HAYCHHS IIBUAKOCTI MONIMPEHHS YIApHOTO IMIyJbCy. | e MijaKoM
JIOT1YHO: YMM CHJIBHIIIA HECTAIIOHAPHICTH (i IIBUAKICTH NOMIMPEHHS YAAPHOTO IMITyJIbCY ), TUM
CUIIBHILII CTPUOKHU THUCKY.

KirouoBi cyioBa : HecralfioHapHa Teuis, TIAPABIIYHUEA yaap, CTalliOHApHE Ta HecTal[loHApHE
TEPTS PIIUHU O CTIHKY TpYOH, TapaMeTpUYHHUIl BIUIUB
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